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Abstract. We investigate manifolds obtained as a quotient of a doubly warped 
product. We show that they are always covered by the product of two suit- 
able leaves. This allows us to prove, under regularity hypothesis, that these 
manifolds are a doubly warped product up to a zero measure subset formed by 
an union of leaves. We also obtain a necessary and sufficient condition which 
ensures the decomposition of the whole manifold and use it to give sufficient 
conditions of geometrical nature. Finally, we study the uniqueness of direct 
product decomposition in the non simply connected case. 



1. Introduction 

Let {Mi,gi) be two semi-Riemannian manifolds and Ai : Mi x M2 — > K"*" two 
positive functions, i = 1,2. The doubly twisted product Mi ^{x-^,x2) M2 is the 
manifold Mi x M2 furnished with the metric g = Xfgi + \\g2- If Ai = 1 or A2 = 1, 
then it is called a twisted product. On the other hand, when Ai only depends on 
the second factor and A2 on the first one, it is called a doubly warped product 
(warped product if Ai = 1 or A2 = 1). The most simple metric, the direct product, 
corresponds to the case Ai = A2 = 1. 

Using the language of foliations, the classical De Rham-Wu Theorem says that 
two orthogonally, complementary and geodesic foliations (called a direct product 
structure) in a complete and simply connected semi-Riemannian manifold give rise 
to a global decomposition as a direct product of two leaves. This theorem can 
be generalized in two ways: one way is obtaining more general decompositions 
than direct products and the second one is removing the simply connectedness 
hypothesis. The most general theorems in the first direction were obtained in ^1"5] 
and [20j, where the authors showed that geometrical properties of the foliations 
determine the type of decomposition. 

In the second direction, P. Wang obtained that a complete semi-Riemannian 
manifold furnished with a direct product structure is covered by the direct product 
of two leaves, [21]. Moreover, if the manifold is Riemannian, using the theory of 
bundle-like metrics, he showed that a necessary and sufficient condition to obtain 
the global decomposition as a direct product is the existence of two regular leaves 
which intersect each other at only one point. There are other remarkable works 
avoiding the simply connectedness but they treat with codimension one foliations, 
see [T^ and references therein. 
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In this paper we study semi-Riemannian manifolds furnished with a doubly 
warped structure, that is, two complementary, orthogonal and umbilic foliations 
with closed mean curvature vector fields. If one of the mean curvature vector fields 
is identically null, then it is called a warped structure. 

Doubly warped and warped structures appear in different situations. For exam- 
ple, Codazzi tensors with exactly two eigenvalues, one of them constant [F, Killing 
tensors ^Qj , semi-Riemann submersions with umbilic fibres and some additional hy- 
potheses [S] and certain group actions [TJ (TB] lead to (doubly) warped structures. 
On the other hand, the translation of physical content into geometrical language 
gives rise to warped structures which, by a topological simplification, are supposed 
global products. In this way are constructed important spaces as Robertson- Walker, 
Schwarzschild, Kruskal, static spaces... 

Manifolds with a doubly warped structure are locally a doubly warped product 
and, under completeness hypothesis, they are a quotient of a global doubly warped 
product. This is why, after the preliminaries of section 2, we focus our attention 
on studying these quotients. 

The main tool in this paper is Theorem l3.4( which gives a normal semi-Riemannian 
covering map with a doubly warped product of two leaves as domain. We use it 
to obtain a necessary and sufficient condition for a semi-Riemannian manifold with 
a doubly warped structure to be a global product, which extends the one given in 
[24] for direct products structures in the Riemannian setting. Other consequence 
of Theorem 13.41 is that any leaf is covered by a leaf without holonomy of the same 
foliation. 

We study the space of leaves obtaining that, under regularity hypothesis, a man- 
ifold with a doubly warped structure is a fiber bundle over the space of leaves. This 
allows us to compute the fundamental group of the space of leaves and to show 
that there is an open dense subset which is isometric to a doubly warped product. 
We also give a result involving the curvature that ensures the global decomposition 
and apply it to semi-Riemannian submersion with umbilic fibres. 

As a consequence of the De Rham-Wu Theorem, it can be ensured the unique- 
ness of the direct product decomposition of a simply connected manifold under 
nondegeneracy hypothesis. In the last section, we apply the decomposition results 
obtained to investigate the uniqueness of the decomposition without the simply 
connectedness assumption. 

2. Preliminaries 

Given a product manifold Mi x M2 and X E X{Mi), we will also denote X to 
its elevation to X{Mi x M2) and P.^ : TMi x TM2 TMi wiU be the canonical 
projection. Unless it is explicitly said, all manifolds are supposed to be semi- 
Riemannian. We write some formulaes about Levi-Civita connection and curvature, 
which are established in [20] . 

Lemma 2.1. Let Mi X{\-^^X2) M2 be a doubly twisted product and call the Levi- 
Civita connection of {Mi,gi). Given X,Y E X{Mi) and V,W E X{M2) it holds 

(1) VxY = V^r - g{X,Y)V \n\i + g{X,\I\nXi)Y + g{Y,V\n\i)X. 

(2) VvW ^V^W - g{V, W)V In A2 + g{V, V In \2)W + g{W, V In Aa)^. 

(3) VxV = VvX = giy \iiXi,V)X + g{V\n\2,X)V. 
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It follows that canonical foliations arc umbilic and the mean curvature vector 
field of the first canonical foliation is iVi = P2(— V In Ai) whereas that of the second 
is N2 = Pi(-VlnA2). 

Lemma 2.2. Let Mi 'x^x-^^^x^) M2 be a doubly twisted product and take Hi = 
span{X,Y), II2 — span{V,W) and II3 = span{X,V) nondegenerate planes where 
X,Y ^ TMi and V,W d TM2 are unitary and orthogonal vectors. Then the sec- 
tional curvature is given by 

(1) if (Hi) = ^^(nO+gCVAi.VA,) _ ^(^,^g^hi{X),X)+eYg{hi{Y),Y)). 

(2) K{n2) = ^^(n2)+3p..VA.) _ ^ (^ev9{h2{V), V) + ewg{h2{W),W)) . 

(3) K{n,) = -^gihi{V),V) - -^g{h2iX),X) + 

where is the sectional curvature of {Mi,gi), hi is the hessian endomorphism of 
Xi and ez is the sign of g{Z, Z). 

A vector field is called closed if its metrically equivalent one form is closed. 

Lemma 2.3. Let Mi X(Xi.\2) -^^2 be a doubly twisted product. It is a doubly warped 
product if and only if Ni = P3_i(— VlnAi) is closed, for i = 1,2. 

Proof. Suppose duji — 0, where uji is the equivalent one form to Ni. If X e X{Mi) 
and V G X(M2), then XF(lnAi) = -Xwi(F) = -du;i{X,V) = 0. Thus there 
are functions fi G C°°(Afi) and hi e C°°{M2) such that Xiix,y) = fi{x)hi{y) 
for all {x,y) £ Mi x M2. Analogously, \2{x,y) = f2{x)h2{y) for certain functions 
/2 G C°°(Mi) and /12 G C°°{M2). Hence, taking conformal metrics if necessary. 
Ml y-(Xi.X2) M2 can be expressed as a doubly warped product. The only if part is 
trivial. □ 

We want to generalize the concept of doubly twisted or doubly warped product 
to manifold which are not necessarily a topological product. 

Definition 2.4. Two complementary, orthogonal and umbilic foliations {J-i,J-2) in 
a semi-Riemannian manifold is called a doubly twisted structure. Moreover, if the 
mean curvature vectors of the foliations are closed, then it is called a doubly warped 
structure. Finally, we say that it is a warped structure if one mean curvature vector 
is closed and the other one is zero. 

Notice that this last case is equivalent to one of the foliations being totally 
geodesic and the other one spherical, see [50] for the definition. 

We call Ni the mean curvature vector field of J-i and w^, which we call mean 
curvature form, to its metrically equivalent one-form. The leaf of J^i through x G M 
is denoted by Fi{x) and !Fi{x) will be the tangent plane of Fi{x) at the point x. If 
there is not confusion or if the point is not relevant, we simply write Fi. We always 
put the induced metric on the leaves. 

Remark 2.5. If M has a doubly twisted (warped) structure, then we can take 
around any point an adapted chart to both foliations. Lemma 12.31 and Proposition 
3 of ^ show that M is locally isometric to a doubly twisted (warped) product. In 
the doubly warped structure case, the condition on the mean curvature vectors in 
Theorem 5.4 of [TS] can be easily checked. So, if the leaves of one of the foliations 
are complete we can apply this theorem to obtain that M is a quotient of a global 
doubly warped product. 
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Given a curve a : [0, 1] — + M we call at : [0, i] AI, < t < 1, its restriction. 

Definition 2.6. Let M be a semi-Riemannian manifold with J-i and ^2 two orthog- 
onal and complementary foliations. Take a; e M, n G J^-ii^) and a : [0, 1] ^ -^'1(2^) 
a curve with a(0) = x. We define the adapted translation of v along at as 

Aon (^) — 6xp ^— J^^ Li;2^ 1^(0; where W is the parallel translation normal to Ti of 

along a, 17]. 

In the same way we can define the adapted translation of a vector of Ti (x) along 
a curve in F2{x). Observe that = |u| exp ^— J^^ ^^2^ ■ 

Lemma 2.7. Let M — Mi x M2 he a semi-Riemannian manifold such that the 
canonical foliations constitute a doubly twisted structure. Take a : [0, 1] — s- Mi a 
curve with a(0) = a and Vb G Tf,M2. The adapted translation of {Oa,Vb) along the 
curve j{t) = {a{t),b) is Ay^{Oa,Vb) = {Oa{t),Vb)- 

Proof. First we show that formula 3 of Lemma [TT] is still true in this case. In fact, 
take X,Y e X(Mi) and V,W e Xi^lVh). Since [X, F] = we have 

giVxV,W) = -giX,VvW) = -^g{V,W)giX, N2), 

and analogously gi^xV, Y) = -giV, Ni)g{X, Y). Therefore, it follows that VxV = 
-uJi{V)X - UJ2{X)V for all X £ X(Mi) and V G XiA'h). 

Take V{t) = (0^,(4), w&) and W{t) = X{t)V{t), where A(t) = exp (^/^^ . We 

only have to check that W{t) is the normal parallel translation of {Oa,Vb) along 7. 
But this is an immediate consequence of 

DW 

^ = + Xi-uJiiVW - u;2il')V) = -XiJiiVh'. 

□ 

Given a foliation T we call Hol{F) the holonomy group of a leaf F (see [3 for 
definitions and properties). We say that F has not holonomy if its holonomy group 
is trivial. The foliation T has not holonomy if any leaf has not holonomy. 

Lemma 2.8. Let M be a semi-Riemannian manifold with {T\^T2) a doubly twisted 
.structure. Take x G M and a : [0, 1] — > Fi{x) a loop at x. If f G Hol{Fi{x)) is the 
holonomy map associated to a, then — Aa{v) for all v G J-'2{x). 

Proof. It is suflacient to show it locally. Take an open set of x isometric to a doubly 
twisted product Ui y-{\-^^\2) U2 where Ui is an open set of Fi{x) with x G Ui. If 
a{t) G C/i , for < < < then the holonomy map associated to this arc is 
f ■.{x}xU2^ {"(^0)} X U2 given by f{x, y) = (a(to), v) and clearly (O^r, v,^) = 

(Oa(to):^^:E) = ^ato(Wx). □ 

We finish this section relating two doubly twisted structure via a local isometry. 

Lemma 2.9. Let M and M be two semi-Riemannian manifold with a doubly twisted 
structure {J- 1,^2) and {J-i,J-2) respectively. Take f : M M a local isometry 
which preserves the doubly twisted structure, that is, f*-,{^i{x)) = J-i{f{x)) for all 
X € M and i = 1,2. Then f also preserves 

(1) the leaves, f(F,{x)) C F,{f{x)). _ 

(2) the mean curvature vector fields, f^,^{Ni(x)) — Ni{f{x)). 
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(3) the mean curvature forms, f*{uji) —uJi- 

(4) the adapted translation, that is, if^ : [0, 1] —>■ Fi{x) is a curve with^(0) ~ x 
and V S T2(x), then Afo~^^ (/*x(''^)) = /*7(t) (^7t(^)) '^'^d analogously for a 
curve in F2{x). 

Proof. (1) It is immediate. 

(2) Take 'X,Y eTi and call X = and Y = /,(F) in a suitable open 
set. Since / is a local isometry, g{X,Y)Ni = P2{VxY) = f^(P2(VxY)) = 
g{X,Y)f^(Ni). Hence A^i ^ f*(Ni) and analogously for N2- 

(3) Immediate from point (2). 

(4) Take W{t) the parallel translation of v normal to J-i along 7. Since / 
is a local isometry which preserves the foliations, f^,{W{t)) is the normal 
parallel translation of along / o 7. Using point (3), J^^ uj2 = Jfo^^ ^2 
and therefore Af^^, {f*Jv)) = /*^(^, iAj,{v)). 

a 



3. Quotient of a doubly warped product 

From now on, Mi ^(x-i^,x2) M2 will be a doubly warped product and F a group 
of isometrics such that: 

(1) F acts in a properly discontinuous manner. 

(2) It preserves the canonical foliations. This implies that if / e F, then 
f ^ <j) X : Ml X M2 Ml X M2, where </> : Afi ^ Mi and ^ : M2 ^ M2 
are homotheties with factor and C2 respectively, such that Xl0^p = ^Ai 
and X2 o (j) = -^\2- 

The semi-Riemannian manifold M = (Afi x^x^^x^) M2) /F has a doubly warped 
structure, which, as always, we call (J^i, JF2)- We are going to work with J^i because 
all definitions and results are stated analogously for J-2 . 

If we take the canonical projection p : Mi x M2 — > M, which is a semi- 
Riemannian covering map, applying Lemma [2?9l we have p{Mi x {6}) C Fi{p{a, b)) 
for all (a, b) £ Mi x M2. We call p'f'''^ : Mi x {b} — > Fi{p{a, b)) the restriction of p. 

Lemma 3.1. Let M = (Mi 

^(Ai,A2) ^'^2) /r be a quotient of a doubly warped prod- 
uct. We take p : Mi x M2 — ^ M the canonical projection, (a, 6) € Mi x M2 and 
x = p{a,b). Then, the restriction p^"'*-* : Mi x {b} Fi{x) is a normal semi- 
Riemannian covering map. 

Proof. It is clear that p'f'''^ : Mi x {b} — > Fi{x) is a local isometry. Let 7 : [0, 1] 
Fi{x) be a curve with 7(0) ~ x. Since p : Mi x M2 ^ M is a covering map, there is 
alift a : [0,1] M1XM2 with a(0) = (a, 5). Butp*(a'{t)) = "f'{t) e J^ii"f{t)) andp 
preserves the foliations, so a{t) is a curve in Mi x {b}. Applying Theorem 28 of ^71 
pg. 201], we get that p^^'''^ is a covering map. Now we show that it is normal. Take 
a' g Ml such that p^^''''\a' ,b) — x. Then, there exists / G F with f{a',b) — (a, 6) 
and since / preserves the canonical foliations, /(Mi x {6}) = Mi x {b}. So, the 
restriction of / to Mi x {6} is a deck transformation of the covering Pi"'^-* which 
sends {a',b) to {a,b). □ 
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Let Tl'' be the group of deck transformations oipi' : Mi x {6} Fi{p{a, b)). 
When there is not confusion with the chosen point, we simply write pi and Fi 
instead of p^^''''^ and T'f''^\ 

If e Fi, in general, it does not exist -0 G F2 with x ?/; e F and it has not to 
hold that X2 o (f) — ^A2, as it was said at the beginning of this section. 

Lemma 3.2. Let M = (Mi ><-[\-^,x2) M2) /F be a quotient of a doubly warped prod- 
uct. Fix (ao,6o) G Mi x M2 and xq ~ p(ao,foo) such that the leaf Fi{xo) has not 
holonomy. Then 

(1) A2 o = A2 for all (/) e r^'"'''"'^ 

(2) (f) X id ^ T for all (f> e p(°0'''o) ^^^^ p(ao,f)o) ^ {id} is a normal subgroup of 
T. 

Proof. (1) The mean curvature forms UJ2 and uj2 of the foliations in Mi XM2 and 
M respectively are closed. Thus every point in M has an open neighborhood 
where lu2 — d/2 for certain function /2, and analogously every point in 
Ml X M2 has an open neighborhood where LJ2 — d/2, being in this case 
/2 = — In A2 . Since pi o (j) = pi, we have 0* {p* {lo2 ))=?'* ('-^2 ) and therefore 
f2°P°4> = f2°P + ki for certain constant ki . On the other hand, using 
Lemma 12.91 we have /2 o p = — In A2 + fc2 for some constant k2 . 

Joining the last two equations, we get X2 o (f> ~ CA2 for certain constant 
c. This formula must be true in the whole Mi with the same constant c 
and, in fact, c = where ai = 0(ao). Take a : [0,1] Mi x {60} 

with a{0) = (ao,5o), = (ai,5o) and w G Tb„M2 a non lightlike vector. 
Using Lemma [2771 we have Aa{Qao,w) = (Oq^, and since p preserves the 
adapted translation. 

Using that Fi{xq) has not holonomy and Lemma 12.81 we obtain 

taking norms, we get c = 1. 
(2) Take e Fi. Since A2 o = A2, it follows that (p x id is an isometry of 
Ml Xf^Xi.x^) ^^2- Now, to show that p o ((/> x id) = p it is enough to check 
{po(j)x id)^(ao,bo) = P*{aoM)- Using pi o (/) = pi, we see that 

(po (0 X id))^(^aoM)i^>%<) ^ P*(ao,bo){v,Obo) 

for aU V G TagMi. Given w G TbgM2, we take a : [0, 1] ^ Mi x {bo} a curve 
from (ao, 60) to (ai, 6o)j where (/)(ao) = ai. Then Aa{Oao, w) = (Oai, w) and 

where the last equality holds because Fi{xo) has not holonomy. Therefore 
X iff G F and Fi x {id} is a subgroup of F. 

Now to prove that it is a normal subgroup, we take G Fi and / G F 
and show that f~^ o [(f) x id) o f G Fi. Since / preserves the foliations, 
f~^ o [(f) X id) o f takes Mi x {60} hito Mi x {60} and therefore we can 
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consider h ~ f ^ o (0 x id) o /|j^,f^x{6r} ^ "'^^^^ h x id coincides with 
f^^ o {(j) X id) o f at ao, thus f^^ o (cj) x id) o f — h x id £ Ti x {id}. 

□ 

Remark 3.3. Observe that we have used that Fi{xq) has not holononiy only to 
ensure Apoa — id^ thus we have a Httle bit more general result. Suppose that 
7 : [0, 1] — » Fi (x) is a loop at x G M such that its associated holonomy map is 
trivial. Take a : [0,1] Mi x {b} a lift through pi : Mi x {b} Fi{x) with 
basepoint (a, 6) and suppose a(l) = (a',b). If </> G Fi with (/)(a) — a', then it can 
be proven, identically as in the above lemma, that for this deck transformation it 
holds X2 o (p ~ X2 and ip x id E T. This will be used in Theorem 13. 101 

Now, we can give the following theorem, which is the main tool of this paper 
(compare with Theorem 2 of 24] and Theorem 7 of [25]). 

Theorem 3.4. Let M — (Afi X(^Xi.\2} ^h) /r be a quotient of a doubly warped 
product. Fix (ao,6o) S Mi x M2 and xq = p(ao,6o)- The leaf Fi{xq) has not 
holonomy if and only if there exists a semi-Riemannian normal covering map $ : 
Fi{xq)X(^Xi.po)^'^2 ~* M, where P2 ■ Fi(xq) —>■ M^. Moreover, the following diagram 
is commutative 

Ml X M2 — !■ M 

Fi(xo) X M2 

In particular, $(0:, 5o) = x for all x G i^i(a;o). 

Proof. Suppose that Fi (xa) has not holonomy. Since Fi x {id} is a normal subgroup 
of F, there exists a normal covering map 

$ : {Ml x^x.M) M2) I (Fi X {id}) ^ M. 

But (Ml X(;)^J_;)^2) M2) / (Fi X {id}) is isometric to i^i (a;o) X ) (xq ) for certain 
function p2 with p2° Pi — A2 and by construction $ o (pi x id) — p. 

Conversely, we suppose the existence of such semi-Riemannian covering. Take 
a : [0, 1] — > Fi{xo) a loop at xq, w S TxgF2{xo) and v G TbgM2 with P*^^^ (0, v) = 
w. Then 

Now, using Lemma [2771 and [2T9l 

and therefore i^i(a::o) has not holonomy. □ 

We say that xq G M has not holonomy if Fi{xo) and ^2(0:0) have not holonomy. 
Corollary 3.5. Let M = (Mi 

X(\i,\2) M2) /F 6e a quotient of a doubly warped 
product. Fix (ao, bo) G Mi x M2 and xq — p(ao, bo). The point Xq has not holonomy 
if and only if there is a semi-Riemannian normal covering map 

$:Fi(a;o) X(p^,p,) ^2(^0) ^ M, 
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where pi : F2{xo) and p2 ■ Fi{xo) K+. Moreover, the following diagram 

is commutative 

Ml X M2 — ^ M 

Fi(xo) X ^2(0:0) 

In particular, ^{x.xq) — x and $(xo,t/) — y for all x G _F'i(a;o) and y G _F2(a;o)- 

Remark 3.6. It is known that the set of leaves without holonomy is dense on M, [5]. 
Thus, we can always take a point xq G M without holonomy and apply Corollary 
1531 

Theorem 3.7. Let M = (Afi y-(Xi,\2) -^^2) /r be a quotient of a doubly warped 
product. If Xq G M has not holonomy then 

card{Fi{xo) Ci F2{xq)) = card{^^'^ (xq)), 

where $ : Fi{xo) ^(pi.pa) -^2(2^0) M is the semi-Riemannian covering map of 
Corollary \3.5l 

Proof. Recall that, by construction, y) = p{a, b) where a G Mi with p(a, 60) = 
X and b G M2 with p{ao, b) — y. Now we define A : $~^(a;o) Fi{xq) n -^2(2^0) by 
A(x, y) — X. First we show that A is well defined. If (x, y) G ^~^{xo) then p{a, b) — 
xq, where p{a, bg) — x and p(ao, b) — y. Hence p{{a} x M2) C F2(p{a, h)) = -^2(2^0) 
and p{Mi x {&o}) C i^i(p(ao, 60)) = ^'iCa^o), thus 

x=p{a,bo) =p{Mi x {60} n {a} x A/2) £ Fi(xo) n F2(xo). 

Now we check that A is onto. Take x G Fi{xq) n F2(a;o). Since pi : Mi x 
{^0} — > -Fi(2;o) is a covering map there exists a G Mi such that p{a,bo) = x. But 
pip-M . ^ ^ /^2(a;) = -^2(2^0) is a covering map too, therefore there is 
(a, b) G {a} x M2 such that p(a, 6) = xq. If we call y — p{aQ, 6), then y) = a;o 
and A(a;, y) — x. 

Finally, we show that A is injective. Take {x,y), {x,y') G ^^^{xq) and a G Mi, 
b,b' G M2 such that p{a,ba) = x, p{ao,b) — y and p{aQ,b') = y' . Consider the 
covering p^''''"'' : {a} x M2 ^ F2{xo). Since pi'''''°\a,b) = p^"'^"' (a, 6') and this 
covering is normal, there exist a deck transformation G Fj"''"'''' such that ip{a, b) ~ 
(a, b'). But i^2(2;o) has not holonomy, so Lemma [5T^ assures that id x -0 G F. Now, 
{id X ip){aQ, b) ~ (ao, b') and thus y = y'. □ 

Now we give a necessary and sufficient condition for a doubly warped structure 
to be a global doubly warped product, which extends the one given in [24] for direct 
products and Riemannian manifolds. 

Corollary 3.8. Let M = (Mi 

^(Ai,A2) M2) /F be a quotient of a doubly warped 
product andxo G M. Then M is isometric to the doubly warped product Fi{xo)x {pj^^p2) 
F2{xq) if and only if xq has not holonomy and Fi(xo) Cl F2{xo) = {a^o}- 

Condition Fi(xo) nF2(a;o) = {a;o} alone is not sufhcient to split M as a product 
Fi{xo) X ^2(^0), as intuition perhaps suggests. The Mobius trip illustrates this 
point. 
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Theorem 3.9. Let M — (Afi X{\i^x2) M2) /F be a quotient of a doubly warped 
product. If xo has not holonomy then 

card{Fi{x) (1 ^2(2;)) < card{Fi{xo) n F2{xo)) 

for all X e M. 

Proof. Take (ao,6o) G Mi x M2 such that p(ao,bo) = xq. First suppose that 
X e Fi{xq) and Fi{x) D ^2(2;) = {xi : i e /}. If we take a € Mi such that 
p{a, bo) — X, then we know that p'^'''°^ : {a} x M2 F2{x) is a covering map, so we 
can take bi € M2 with p^2^''''°\a,bi) = Xi. If we call yi — pj'^"'^"'' (ao, then both 
Xi,yi G piMi X = Fi(p(a,fei)) = -Fi(a;o), and moreover, since yi G ^2(0:0) we 

have yi G Fi{xo) n ^2(0:0). 

Now, we show that the map A : Fi{x) n -^2(2:) ~^ Fi{xo) Ci F2{xo) given by 
M^i) = Vi is injective. If y.^ = p^°'"^°^(ao, 6i) = ^2""'''° Vo, ^j) = yj for « ^ j then 
there is -0 G r2''''''''''' such that ^p{ao,bi) = (ao,6j). Since F2{xo) has not holonomy 
(Lemma 13. 2p . id x ijj T and it sends {a,bi) to {a,bj). Therefore Xi = Xj. This 
shows that card{Fi{x) n ^2(2;)) < card{Fi{xo) n ^2(0:0)) when x G Fi(a;o). 

Take now an arbitrary point x G M and (a, 6) G Mi x M2 with p(a, 5) = x. 
We have that ^2(2^) intersects i^i(a;o) at some point z — p(a, 6o)- In the same 
way as above, using that i^i(a;o) has not holonomy, we can show that card{Fi(x) n 
-^2(2;)) < car(i(Fi(2)nF2 (z)), but we have already proven that carc?(Fi (z)nF2(z)) < 
cardlFiixo)nF2ixo)). □ 

Take xq — p{aQ,bo) G M such that Fi{xo) has not holonomy and let $ : 
_F'i(xo) X(Ai,p2) ^2 — > M be the semi-Riemannian covering map constructed in 

Theorem 13.41 which has Q ^ T/ ^'■°'"'^"'> x {id}j as deck transformation group. 
Take x G F2{xo) and a point b G M2 with <I>(xo,6) = x. Applying Lemma [3.11 
^{xo.b) . ^^(2.^) X {6} ^ Fi{x), the restriction of is a normal semi-Riemannian 
covering map. Call fjj^"'''-* its deck transformations group. 
Theorem 3.10. In the above situation, the following sequence is exact 

^ ni{Fi{xo),xo) Tri{Fi{x),x) Hol{Fi{x)) 0, 

where H : t:i(Fi(x), x) > Hol{Fi{x)) is the usual holonomy homomorphism. In 

particular we have n^-^°''''^ — Hal {Fi{x)). 

Proof. It is clear that $1^ is injective and H is onto, so we only prove that Ker H — 
Im $1^. 

Take [7] G ni{Fi{x),x) such that i?([7]) = 1, i.e., f.y = id, where is the 
associated holonomy map. Take a a lift of 7 in Fi{xo) x {6} with basepoint (a;o, b) 

and 4> G fl'f such that (j){xo, b) = a(l). Since f-y = id it follows that P2 ° 4> — P2 
and (p X id ^ n, see Remark 13.31 

Therefore, taking into account that <f>(a;, 69) = ^ for all x G Fi{xq), we get 
Xq = <I>i(a;o,6o) = *i'i('/'(2;o)i ^0) = "^(^^o)- Hence a is a loop at Xq which holds 
= [7]. This shows that Ker H C Im The other inclusion is trivial 

because the holonomy of the first canonical foliation in the product Fi{xq) x M2 is 
trivial and $ preserves the foliations. □ 

Summarizing, we obtain 
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Corollary 3.11. Let M = (A/i 'X{\i,x2) M2) /T be a quotient of a doubly warped 
product and take xq G M such that Fi{xo) has not holonomy. 

(1) For any leaf Fi there exists a normal semi-Riemannian covering map $ : 
Fiixo) Fi with deck transformation group Hol{Fi). 

(2) All leaves without holonomy are homothetic. 

Proof. For the first point, note that given any leaf Fi it always exists x G F2{xq) 
such that Fi — Fi{x). For the second statement just note that Fi{xo) and Fi{xq) x 
{6} are homothetic. □ 

Corollary 3.12. Let M = (Mi 'X{\^^\.2) ^2) /r be a quotient of a doubly warped 
product. If there is a non compact leaf then any compact leaf has non trivial 
holonomy. 

Corollary 3.13. Let M = (Mi y.(\^,\.2) M2) /F be a quotient of a doubly warped 
product and take Xq =p(ao,6o) G M. If Fi{xq) has not holonomy, themTi(Fi{xo),Xo) 
is a normal subgroup of 'Ki{M,Xq). 

Proof. From Theorem 13.41 it is immediate that ■ki{Fi{xq),Xq) is a subgroup of 
7ri(M, Xq). Take [a] G 7ri(Fi(xo), Xq) and [7] G ■ki{M,xq). We show that [7-a-7~-^] 
is homotopic to a loop in _F'i(a;o). Take the covering map $ : Fi{xq) x — > M 
and 7 — (71, 72) a Hft of 7 starting at (xq, fco)- Since $(7(1)) — xq, using the above 
coroUary we have <& : Fi{xq) x {72(1)} Fi{xq) is an isometry, thus we can hft the 
loop a to a loop a starting at 7(1). Therefore, the lift of 7 • a • 7"^ to Fi{xq) x M2 
starting at (xq, 60) is 7 • 5 • 7~^- But it is clear that this last loop is homotopic to 
a loop in ^1(2:0) x {60} and so 7 • a • 7^^ is homotopic to a loop in Fi{xq). □ 

Example 3.14. Lemma and thus the results that depend on it, does not hold 
if we consider more general products than doubly warped product, as the following 
example shows. 

First, we are going to construct a function A : ^ R"*" step by step. Take 
/i : M ^ R, such that h ~ id in a. neighborhood of and h'{x) > for all x G R, 
and A : {—e,e) x R ^ R+ any C°° function for e < i. We extend A to the trip 
(1 — e, 1 + e) X R defining A(x, y) = A(a;- 1, h{y))h'{y) for every [x, y) G (-e, e) x R. 
Now extend it again to [e, 1 — e] x R in any way such that A : (— e, 1 + e) x R ^ 
R+ is C°°. Thus, we have a function with \{x^y) = \{x — 1, h{y))h' (y) for all 
{x,y) G (1 — e, 1 + e) X R, or equivalently, X{x,y) = X{x + ^, f{y))f'{y) for all 
{x, y) G (— e, e) x R, where / is the inverse of h. 

Now, we define A in [1 + s, 00) recursively by A(a:, y) — X{x — 1, h{y))h'{y) and 
in (-00, — e] by X{x,y) = X{x + 1, f{y))f'{y). It is easy to show that A : R^ ^ R+ 
is C°°. 

Take R^ endowed with the twisted metric dx^ + X{x,y)^dy^ and F the group 
generated by the isometry (l>{x,y) = {x + which preserves the canonical 

foliations and acts in a properly discontinuous manner. Take p : R^ ^ R'^/F — M 
the projection. The leaf of the first foliation through p(0, 0) is diffeomorphic to §^ 
and have not holonomy. But Theorem 13 .41 does not hold because if $ : x R — > M 
were a covering map, then §^ would be a covering of all leaves of the first foliation 
(Corollarv l3.1ip . But this is impossible because for a suitable choice of h, there are 
leaves diffeomorphic to R. 

We finish this section with a cohomological obstruction to the existence of a 
quotient of a doubly warped product with compact leaves. If Mi and M2 are 
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71-dimensional, compact and oriented manifold, Kiinneth formula implies that the 
71-th Betti number of the product Mi x M2 is greater or equal than 2. The following 
theorem shows that the same is true for any oriented quotient of a doubly warped 
product with n-dimensional compact leaves. 

Theorem 3.15. Let M = {Mi y-^x-^^^x^) M2) /F be an oriented quotient of a doubly 
warped product such that the leaves of both foliations on M are n-dimensional and 
compact submanifolds of M . Then, the n-th Betti number of M satisfies bn > 2. 

Proof. Take a point (oq, 60) G -A^i x M2 such that xq — p{ao, bo) has not holonomy 
and <I> : Fi{xo) X(p^,p2) F2{xo) — > M the covering map given in Corollary 13.51 
Since AI is oriented, Mi and M2 are orientable and F preserves the orientation. 
But r|°°^'"'' is a normal subgroup of F and therefore it preserves the orientation of 
Mi. Thus Fi{xo) = Mjr^^°-''°'> is orientable. 

Let [wi], [W2] & H^{M) be the Poincare dual of -Fi(a;o) and ^2(2^0) respectively. 
The submanifolds Si = <i>^^(i^i(a;o)) are closed in Fi(a;o) x ^2(3:0) and therefore 
they are compact. With the appropriate orientation, they have Poincare duals 
N = <i>*([n7,]), [2]. 

Call TTi : Fi{xq) x F2{xo) Fi{xo) the canonical projection, <i>i : Si — > Fi{xo) 
the restriction of $ to Si, and ij : Sj — > Fi{xq) x -^2(2:0) the canonical inclusion. 
Consider the following commutative diagram 

*j 

Sj >Fj{xo) 

Fi(xo) X F2(xo) 

If 01 is a volume form of Fi(a;o), then $*(0i) = i*(7r^(0i)) is a volume form in 
Si. Therefore 

0^ / i>i*(ei) - / ^^(61) Aai, 

thus [iTi] is not null. In the same way we can show that [02] is not null. 
Now if CTi - ccr2 = dr for some ^ c G R and t G A"~1(M), then 

/ 7ri*(ei) AfTi =c / 7:*i{ei) A a2 = c [ z^^r(ei) = 0, 

JF1XF2 JFixFi J S2 

which is a contradiction. Therefore [cti] and [CT2] are linearly independent, so the 
same is true for [voi] and [-1172]. □ 

Observe that if the dimension of the foliations are n and m with n ^ m, then we 
can only conclude that the n-th and m-th Betti numbers of M satisfy b„,bm > 1. In 
the category of four dimensional Lorentzian manifolds we have the following result. 

Corollary 3.16. In the conditions of the above theorem, if M is a four dimensional 
Lorentzian manifold, then its first and second Betti numbers satisfies ^1,62 > 2. 

Proof. It is clear that M is compact (Corollarv 13. 5p . The existence of a Lorentz 
metric implies that the Euler characteristic is null, thus 26i = 2 + &2- O 
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4. Space of leaves 

Given a foliation ^ on a manifold M , a point x is called regular if it exists an 
adapted chart ([/, (p) to with x E U, such that each leaf of the foliation intersects 
U in an unique slice. The open set U is also called a regular neighborhood of x. If 
all points are regular (i.e. is a regular foliation), then the space of leaves £ oi J- 
is a manifold except for the Hausdorffness, and the canonical projection rj : M £, 
is an open map, [HI [19] . 

Given M = (Mi y-{x-^^x2) M2) /T a quotient of a doubly warped product, we call 
£i the space of leaves of the induced foliations JFj on M. Take xq G M without 
holonomy and the normal covering map $ : _Fi(a;o) X(pi,p2) ^2(2^0) M, whose 
group of deck transformation is 5* = r/(ri x r2). The set l^^o formed by those 
maps -0 e Dif f{F2{xo)) such that there exists cj) E Dif f{Fi{xo)) with (f> x tp E 
is a group of homotheties of ^2(2:0). 

Lemma 4.1. Let M — (il/i ^{x-^,x2) M2) /F he a quotient of a doubly warped prod- 
uct. Suppose that the foliation J-\ has not holonomy and take xq E M such that 
F2{xa) has not holonomy. Then the action of E^jg on F2{xo) is free. 

Proof. Take ip E "^xo ^-^d suppose that it has a fixed point x E F2{xo). li ((> E 
Diff{Fi{xo)) with x -0 G then ^{z,x) = '(/'(a;)) = for aU 

z E Fi{xo), but since JFi has not holonomy, applying CoroUarv lS.lll ^ : Fi{xo) x 
{x} — > Fi(x) is an isometry. Therefore 4> = id and hence ip = id. □ 

Theorem 4.2. Let AI — (Mi ^{Xi,X2) -^2) /T be a quotient of a doubly warped 
product such that Ti is a regular foliation. If F2{xq) has not holonomy then 

(1) The group Y^xq o,cts in a properly discontinuous manner (in the topological 
sense) on F2{xq). 

(2) The restriction rix„ — '?|F2(a;o) ■ -^2(2:0) £1 is a normal covering map with 
T^xo deck transformation group. 

Proof. (1) Suppose that T^xq does not act in a properly discontinuous manner. 
Then, there exists x E F2{xo) such that for all neighborhood U oi x in 
F2ixo) there is tp E T^xg, ^d, with U n tp{U) ^ 0. 

Take V E M a. regular neighborhood of a; adapted to T\. Since '^{xq, x) — 
x, we can lift V through the covering $ : F\(xq) x F2{xq) — > AI and sup- 
pose that there are Ui C Fi{xo) open sets with xq & Ui, x E U2 and 
^ : Ui X U2 ^ V an isometry. Using that 'Exo does not act in a properly 
discontinuous manner, there is ip E S^oj "0 7^ with y — ^p{z) for certain 
y,z E U2- Moreover, z ^ y since ip does not have fixed points fLemma l4.ip . 

If we take (p with <p x t/j E then z — ^{xq, z) — $(0(xo), y) and thus 
Fi{z) = Fi{y). Now, $(?7i x {y}) and ^{Ui x {z}) are two different slices 
of in V which belong to the same leaf Fi{z). Contradiction. 
(2) It is easy to show that F2{xo) /"Sxo = £1, where the identification is [x] < — > 
F,ix). 

□ 

Corollary 4.3. Let AI = X(Xi,X2) -^2) /r be a quotient of a doubly warped 
product such that Ti is a regular foliation. If the space of leaves £1 is simply 
connected, then M is isometric to a global doubly warped product Fi X(pi,p2) Fi- 
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We give some conditions for £i to be a true manifold. Recall that given (a, 6) G 
Fi{xq) X F2{xq) with <i>(a,6) = x we denote v[/(''^'') the deck transformation group 
of the restriction <i)^°'''^ : Fi{xq) x {b} Fi{x) of the covering map $ : Fi{xq) x 



Theorem 4.4. Let M = (Mi y-[\i^x2) M2) /F be a quotient of a doubly warped 
product. If M2 is a complete Riemann manifold and T\ a regular foliation, then 
the space of leaves £1 is a Riemannian manifold. 

Proof. Take xq £ M without holonomy. We show that is a group of isometrics. 
Take ip € 'Sxo and (j) : Fi{xo) Fi{xo) such that f — (f> x tp £ "i) . As we already 
said, there exist a constant c such that '0*(52) = c^<?2 and p2 — cp2 o 

Suppose c 7^ 1. Taking the inverse of if it were necessary, we can suppose 
c < 1. Then tp : F2{xo) — > -^2(2^0) is a contractive map and it is assured the 
existence of a fixed point b e F2{xo). Therefore f{Fi{xo) x {b}) = Fi{xo) x {b} 

and /|Fi(xo)x{b} G where a G Fi{xo) is some point. Using Lemma [3T2l c = 1 

and we get a contradiction. 

Using the above theorem, Ej;^ acts in a properly and discontinuously manner 
on ^2(0:0) in the topological sense, but since ^2(2:0) is Riemannian and Tt^^ a 
group of isometries, it actually acts in a properly and discontinuously manner in 
the differentiable sense, i.e., points in different orbits have open neighborhood with 
disjoint orbits. Thus, £1 is a Riemannian manifold. □ 

Remark 4.5. Given a non degenerate foliation J^, it is called semi-Riemannian (or 
metric) when, locally, the leaves coincide with the fibers of a semi-Riemannian 
submersion, [51] [53]. If the orthogonal distribution is integrable, then is a. semi- 
Riemannian foliation if and only if is totally geodesic, [13]. In the case of a 
doubly warped product Fi{xo) ^(p^^p^) F2{xo), the first canonical foliation is semi- 
Riemannian for the conformal metric {^)^gi + .92- 

In the hypotheses of the above theorem, p2 is invariant under ^! and thus there 
exists a function cr2 : M — > M+ such that (T2 o $ = p2 • In this case, it is easy to show 
that J-i is semi-Riemannian for the conformal metric -^g, where g is the induced 
metric on Af. Observe that in the Riemannian case, under regularity hypothesis, it 
is known that the space of leave of a Riemannian foliation is a true manifold and, 
moreover, the manifold is a fiber bundle over it [H], but there is not an analogous 
in the semi-Riemannian case. 

Corollary 4.6. Let M — {^ALi X(Ai,i) ^^2) /r be a quotient of a warped product, 
where M2 is a complete Riemannian manifold. If T\ is a regular foliation, then the 
projection rj : M ^ £1 is a semi-Riemannian submersion. 

Proof. We already know that £1 is a Riemannian manifold and rj^^ '■ -^2(2^0) ^ ^1 
a local isometry, where xq has not holonomy. Given x £ Fi{xq), the following 
diagram is commutative 



F2{xo) ^ M. 



{x} X F2{xo) 



^F2{x) 




£1 
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Since A2 = 1, the map $ : {x} x F2{xq) F2{x) is a local isometry for all 
X S i^i(a;o). Thus, rjx : F2{x) ^ £1 is a local isometry for all x E M and therefore, 
?7 : M — > £1 is a semi-Riemannian submersion. □ 

Observe that in the corollary, the fibres are the leaves of a warped structure, 
thus they are automatically umbilic. 

Theorem 4.7. Let M = (Mi 

^{^1,^2) -^^2) /r be a quotient of a, doubly warped 
product such that Ti is a regular foliation. Then 

(1) The projection rj : M £,1 is a fiber bundle. Moreover, we have 7ri(£i, Fi) = 
Tri{M,x)/Tri{Fi,x) where x E Fi £ £1. 

(2) There exists an open dense subset W C M globally isometric to a doubly 
warped product. 

Proof. (1) Take Fi G £1 and xq G Fi a point without holonomy. Since rj^^ : 
P2{xo) — > £1 is a covering map, there are open sets U C ^^2(2:0) and V C 2i 
with xq E U and Fi Cz V such that rfx^ '■ U ^ is a diffeomorphism. 

Now we show that ^{Fi{xa) x U) = v^^{V). If (a, 5) G -Fi(a;o) x U, 
then ry($(a, 6)) = ry($(a;o,6)) = Vxoib) e V. Given x e ri^^{V), if we call 
b = Vxa^vi^)) e U, then r]{x) = r]xo{b) and $ : Fi(a;o) x {b} Fi{x) is an 
isometry because Fi has not holonomy fCorollarv l3.1ip . Thus, there exists 
a e Fi{xo) with ^{a,b) = x. 

The map $ : Fi{xo) x U V^^i^) is injective (and therefore a diffeo- 
morphism). In fact, if {a,b),{a',b') £ Fi{xo) x U with $(a, 6) = $(a',6') 
then 

- r;,„ ($(0', 6')) = Vxo m^o, b')) = r;,„ {b'). 

But since &, 6' £ [/, we get that b — b' . Now, using that <I> : Fi{xq) x {b} — > 
Fi{b) is an isometry, we deduce that a = a'. 

The map hy that makes commutative the following diagram 

Fiixo) X U 

r,-HV) ''-^Fiixo)xV 

shows that M is locally trivial. 

Finally, using Theorem 4.41 of [12] , : tti (M, Fi,xq) tti (£1 , i^i ) is an 
isomorphism. But 7ri(Fi, xq) is a normal subgroup of 7ri(M, xq) (Corollary 
MM, hence 7ri(Af, i^i, xq) = 7ri(M, a;o)/7ri(Fi, xq). 
(2) Since rj^g ■ ^2(2:0) ^ £1 is a covering map, we can take an open dense 
set 9 C £1 and an open set U C ^2(^0) such that rj^o ■ U is a 
diffeomorphism. Given Fi £ 9 we have '^{xf),rj^^{Fi)) — r]~^{Fi) £ Fi 
and thus the restriction $ : Fi(a;o) x {VxaiFi)} — > -Fi is an isometry. Now, 
since 9 is dense, W — ri~'^{<d) is dense in M, and taking V — and 
W — rj^^{Q) in the above proof we get the result. 

□ 
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Recall that this open set W is obtained removing a suitable set of leaves of J-i 
from M . This is false for more general product, as twisted products (see example 

Remark 4.8. In |22j a notion of local warped product on a manifold is given as 
follows. Take a fiber bundle H : M ^ B with fibre F, where M, B and F are semi- 
Riemannian manifolds. Suppose that there is a function X : B ^ such that we 
can take a covering {[/, : i S /} of trivializing open sets of B with {Il~^{Ui),g) — > 
{Ui X F,gB + X^gp) an isometry for all i G I. Then it is said that M is a local 
warped product. 

It follows that the orthogonal distribution to the fibre is integrable and using 
that M is locally isometric to a warped product, it is easy to show that these two 
foliations constitute a warped structure in the sense of definition 12.41 But not all 
warped structures arise in this way, since the foliation induced by the fibres of a 
fibre bundle has not holonomy (in fact, it is a regular foliation). 

5. Global decomposition 

Given a product manifold Mi x M2, a plane 11 — span{X, V), where X £ TMi 
and V e TM2, is called a mixed plane. In this section, we show how the sign of 
sectional curvature of this kind of planes determines the global decomposition of a 
doubly warped structure. 

Lemma 5.1. Let M be a complete semi-Riemannian manifold of index v. Take 
A : M — !■ a smooth function and h\ its hessian endomorphism. If v < dim M 
and g{h\{X), X) < for all spacelike vector X (or < v and g{h\(X), X) < for 
all timelike vector X ), then A is constant. 

Proof. Suppose u < dim M. Take x S M and V 3 x a normal convex neighborhood. 
Call S{x) the set formed by the points y &V such that there exists a non constant 
spacelike geodesic inside V joining x with y. It is obvious that ^(a;) is an open set 
for all X e A'l and it does not contain x. Let 7 : R ^ M be a spacelike geodesic 
with 7(0) = x. If we call y{t) = A(7(t)) then y"{t) < and y{t) > for aU t e R, 
which implies that A is constant in S{x). Take xi g S{x). In the same way, A is 
constant in S{xi), which is an open neighborhood of x. Since x is arbitrary, A is 
constant. The case < is similar taking timelike geodesies. □ 

Proposition 5.2. Let Mi X{\j^,\2) M2 be a doubly warped product with Mi and M2 
complete semi-Riemannian manifold of index Vi < dimM^. If K(JT) > for all 
spacelike mixed plane II, then Ai and A2 are constant. 

Proof First note that if / £ C°°{Mi), then g{hf{X),X) = gi{hj{X),X) for aU 
X g X(Mi), where hf is the hessian respect to the doubly warped metric g and /ly 
respect to 171. 

Suppose there exists a point p G Mi and a spacelike vector Xp G TpMi such 
that < g{h2{X)^X). Given an arbitrary spacelike vector Vq G TqM2, we have 
< K{X,V) + j^g{h2{X),X) = -^g{hi{V),V) and applying the above lemma, 
Ai is constant. Therefore, < —j^g{h2{X), X) for all spacelike vector X and 
applying the above lemma again, A2 is constant too. 

Suppose now the contrary case: for all spacelike vector X G TAIi we have 
g{h2{X),X) < 0. Then, the above lemma gives us that A2 is constant. Thus 
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< —^g{hi{V), V) for all spacelike vector V and the above lemma ensures that 
Ai is constant too. □ 

Theorem 5.3. Let M — (Mi ><{\-^^x2) M2) /F he a quotient of a doubly warped 
product, being Mi a complete Riemannian manifold and M2 a semi-Riemannian 
manifold with < 1^2- Suppose that Ti has not holonomy, K(Jl) < for all mixed 
nondegenerate plane 11 and A2 has some critical point. Then M is globally a doubly 
warped product. 

Proof. Suppose that there is a non lightlike vector V G TM^ with evg{hi[V), V) < 
0. Given an arbitrary non zero vector X G TMi, span{X, V} is a non degenerate 
plane, thus 

^Lg(^h2{X),X) - ^-fg{hi(V), V) = K{X,V) < 
A2 M 

and therefore < gih2{X),X) for aU X G TMi, X ^ 0. 

In the opposite case, < Svg{hi{V),V) for all non lightlike vector V G TA/2. 
Applying Lemma l5.ll we get that Ai is constant, and therefore g{h2{X), X) = 
—X2K{X, V) > for all X G TMi, X 0. In any case /12 is positive definite and 
so A2 has exactly one critical point. 

Take xq G M without holonomy and the associated covering map $ : Fi {xo)x {p-^,p2) 
F2{xq) — > M. Let xi G Fi{xo) be the only critical point of p2- If x i/j is a deck 
transformation of this covering, then p2°4' — cp2 for some constant c, and it follows 
that 4>{xi) G i^i(a;o) is a critical point of p2 too. Thus <j){xi) — xi, but since J-2 has 
not holonomy, applying Lemma l4.1i we get (j) x ijj = id. Thus $ is an isomctry. □ 

Observe that in the conditions of the above theorem we can prove that M — 
Ml X(^p^ x2) {^2/^2)- In fact, let {oq, bo) G Mi x M2 such that p{ao, bo) — xq. Since 
the points of the fibre p^^{xi) are critical points of A2, being pi : Mi x {60} — > 
i^i(a;o) the covering map given in Lemma |3. 11 and A2 has only one critical point, it 
follows that pi is an isometry. 

Example 5.4. Kruskal space has warping function with exactly one critical point. 
Thus, the last part of the above proof shows that any quotient without holonomy 
is a global warped product. 

Now we apply the above results to semi-Riemannian submersions. We denote 
Ti and V the horizontal and vertical spaces and E" (resp. E'^) will be the vertical 
(resp. horizontal) projections of a vector E. 

Lemma 5.5. Let n : M B be a semi-Riemannian submersion with umbilic 
fibres and T and A the O'Neill tensors o/tt. Then for arbitrary E,F ^ X{M) and 
X en, it holds 

(1) T{E,F)=g{E-,F-)N -g{N,F)E-, 

(2) {VxT){E, F) = g{F, A{X, E*))N - g{N, F)A{X, E*) + g{E\F-)VxN - 
g{VxN,F)E\ 

where N is the mean curvature vector field of the fibres and E* = E"" — E^ . 
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Proof. The first point is immediate. For the second, we have {\/xT){E,F) = 
VxT{E, F) - T{VxE, F) - T{E, VxF). We compute each term 

\7xT{E, F) = VxigiE^F^N - g{N, F)E'") 

= {g{VxE\F-) + g{E\VxF^))N + g{E\F-)VxN 
- {g{VxN, F) + g{N, VxF))E'' - g{N, F)VxE\ 

T{S/xE, F) = giiVxEY, F-)N - g{N, F){VxEY. 

T{E, VxF) = g{E\ {VxFy)N - g{N, VxF)E\ 

Rearranging terms and using that VxE^ — {VxEY ~ A{X,E*), we obtain 

(VxT)(i?, F) = {g{A{X, E*),F-) + g{E\A{X, F*)))N - g{N, F)A{X, E*) 
+ g{E\F^)VxN - g{VxN, F)E\ 

But 

g{A{X, E*), F^) + g{E\ A{X, F*)) = -giA{X, E% F^) - g{E\ A{X, F'^)) = 
-g{AiX, E^), F^) + g{A{X, E^),F^) - g{A{X, ~E'^), F) + giA{X, E^),F) = 
g{A{X,E*),F). 

And we obtain the resuh. □ 

We need to introduce the hghthke curvature of a degenerate plane in a Lorentzian 
manifold (M, g), [11] . Fix a timelike and unitary vector field f and take a degenerate 
plane 11 — span(u,v), where u is the unique lightlike vector in 11 with = 1. 

We define the lightlike sectional curvature of 11 as 



g{v,v) 

This sectional curvature depends on the choice of the unitary timelike vector field 
^, but its sign does not change if we choose another vector field. Thus, it makes sense 
to say positive lightlike sectional curvature or negative lightlike sectional curvature. 

Lemma 5.6. Let {M,g) and {B,h) be a Lorentzian and a Riemannian manifold 
respectively and n : M B a semi- Riemannian submersion with umbilic fibres. If 
^ G V is an unitary timelike vector field and 11 = span{u, X) is a degenerate plane 
with ueV, X eH, g{u, u) = and g{u, = 1, then /C^(n) = aiAix^-.^lMx.u)) 

Proof. Using the formulaes of [TH], we have 

g{X, X)IC^{n) = giiVxT){u, u), X) ~ g[T{u, X),T{u, X)) 
+ g{A{X,u),A{X,u)). 

Since u is lightlike, the first two terms are null by the above Lemma □ 

Given a warped product Mi M2, the projection tt : Mi x M2 Mi is 

a semi-Riemannian submersion with umbilic fibres. The following theorem assures 
the converse fact. 
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Theorem 5.7. Let M be a complete Lorentzian manifold, B a Riemannian mani- 
fold and t: : M ^ B a semi- Riemannian submersion with umbilic fibres and mean 
curvature vector N . If K{lVj < for all mixed spacelike plane of M , and N is 
closed with some zero, then M is globally a warped product. 

Proof. By continuity, it follows that M has non positive lightlike curvature for all 
mixed degenerated plane and thus, applying the above Lemma, A{X,u) — for all 
X G H and all lightlike u G V. Therefore A = and H is integrable and necessarily 
totally geodesic (see [18^), which gives rise to a warped structure, since N is closed. 
But being AI complete M = {Mi X(i,a2) ^2)/^ (see remark [275t . Now, using the 
formulaes of Lemma 12.21 we can easily check that the curvature of a mixed plane 
n = span{X, V) is independent of the vertical vector V and thus K{IV) < for all 
mixed nondegenerate plane. Finally, since N has some zero, X2 has some critical 
point and applying Theorem 15.31 we get the result. □ 

6. Uniqueness of product decompositions 

In [7], the uniqueness of direct product decompositions of a non necessarily sim- 
ply connected Riemannian manifold is studied, where the uniqueness is understood 
in the following sense: a decomposition is unique if the corresponding foliations are 
uniquely determined. The authors use a short generating set of the fundamental 
group in the sense of Gromov, which is based in the Riemannian distance. So, the 
techniques employed can not be used directly in the semi-Riemannian case. In this 
section we apply the results of this paper to study the uniqueness problem in the 
semi-Riemannian setting. 

Proposition 6.1. Let M — Fi x . . . x Fk be a semi-Riemannian direct product and 
J-i, . . . , J-k the canonical foliations. Take S an umbilic/ geodesic suhmanifold of M 
and suppose that there exists i G {1, . . . , fc} such that !Fi{x)r\TxS is a nondegenerate 
subspace with constant dimension for all x G S . Then the distributions Ti and T2 
on S determined by Ti{x) = J-i{x) D T^S and T'2{x) — 7^''"(x) H T^S are integrable. 
Moreover, Ti is a regular and umbilic/ geodesic foliation and T2 is a geodesic one. 

Proof. It is clear that 7i is integrable. We show that T2 is integrable and geodesic 
in S. 

Consider the tensor J given by J(wi, . . . ,Vi, . . . , Vk) = {—vi, ■ ■ ■ . . . , — W/t), 
where (wi, . . . ,Vk) & TFi x . . . x TFk, and take X,V,W e X{S) with X^ G Ti{x) 
and V^,W^ G T2{x) for all x e S. Since VJ = 0, we have = (VvJ)(X) = 
VyX — J(VyX), which means that Vy^X G Ti{x) since VyX is invariant under J. 
Using that S is umbilical and X, V are orthogonal, we have Vv^X = Vf-^X G T^S. 
Therefore Vk,X G Ti(a;) for all a; G S". 

Now, we have giV^W, X) = g{VvW, X) = -g(W, VyX) = 0. Thus, V^W^ G T2 
for all V,W Q T2 which means that T2 is integrable and geodesic in S. 

To see that Ti is umbihc, take X,Y e X{S) with g{X, Y) ^ and X^, G Ti{x) 
for all a; G 5. It is easy to show that Vx^Y G and since S is umbilic, we have 

^x^Y = Vi^y G T,{x) n T^S = Ti{x) 

for all X € S. Therefore the second fundamental form of the leaves of 7i inside 
M satisfies I{X, Y) = for every couple of orthogonal vectors X,Y G Ti, which is 
equivalent to be umbilic submanifolds of M . The same argument with the second 
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fundamental form of 71 as a foliation of S shows that Ti is an umbilic foliation of 
S. Observe that if S is geodesic it is clear that 71 is also geodesic. 

Finally, we show that 7i is a regular foliation. Take the map P : Fi x . . . x — > 
Fix...x X F,+i x...xFk given by {xi, ...,Xk)^ {xi,. . . ,Xt-i,Xi+i, . ..,Xk) 
and i : T2{p) ^ Fi X . . . X Fk the canonical inclusion where p E S is a fixed point. 
The map P o i is locally injective, since Ker{P o i)^^ = J^i{x) n 72(a;) =0 for all 
X e T2(p). Therefore, we can take a neighborhood U C S of p adapted to both 
foliations Ti and T2 such that (P o i)\y is injective, being V the slice of T2{p) in 
U through p. Since P is constant through the leaves of 71, it follows that U is a. 
regular neighborhood of p. □ 

Remark 6.2. Observe that if S is geodesic then dimT^S fl !Fi{x) is constant for all 
xgS. 

We say that a semi-Riemannian manifold is decomposable if it can be expressed 
globally as a direct product. In the contrary case it is indecomposable. 

Lemma 6.3. Let M = Fi x . . .x Fk be a complete semi-Riemannian direct product 
and J^i, . . . ,J^k the canonical foliations. Suppose S is a nondegenerate foliation 
invariant by parallel translation such that J^i{p) fl S{p) = {0} for all i e {1, . . . , fc} 
and some p e M. Then the leaves of S are fiat and decomposable. 

Proof. Being all foliations invariant by parallel translation, the property supposed 
at p is in fact true at any other point of M. Take x = {xi , . . . , Xk) E Fi x . . . x F^ 
and suppose there is a loop : [0, 1] Fi at Xi and v e S{x) such that P^{v) ^ v, 
where ^{t) = {xi, . . . ,ai{t), . . . , Xk). If we decompose v = Y!j=i S 0*^^! 
then P-y{v) = P-y{vi) + J2j^i ^-nd so 7^ w — P.y{v) = Vi — P-y{vi) G S{x) fl Ti{x), 
which is a contradiction. Therefore, P-^iv) = v for all v S S{x) and all loops 7 of the 
form 7(t) = (a^i, . . . , ai{t), . . . , Xk). Since M = Fi x . . . x Ffc has the direct product 
metric, P-y{v) = v for all v G S{x) and an arbitrary loop 7 at x. In particular, the 
parallel translation along any loop of a leaf S is trivial. But this implies that it 
splits as a product of factors of the form R or . □ 

Given a curve 7 : [0,1] M we define : [0,1] — > T^{q)M by = 
"^-77(0) 7 where P is the parallel translation. We will denote Vl^{ti, . . . ,tm) 

the set of broken geodesies in M which start at p and with breaks at ti, where 
< ti < . . . < tm < ^- If 7 € ^^{ti, . . . ,t„i) then is a piecewise constant 
function, 

{VoifO<t<ti 
... 
Vmittm<t<l 

which we will denote by (wq, . . . , Wm)- On the other hand, if M is complete, given 
{vo, . . . ,Vm) & (TpM)'"+^ we can construct a broken geodesic 7 G ilp^ti, . . . ,tm) 
with = {vo, . . .,Vm)- 

Now, suppose that a semi-Riemannian manifold M splits as a direct product in 
two different manners, M = Fi x . . . x F^ = x . . . x 5*;;'. We caU Tx,...,Tk 
and iSi, . . . ,<Sfc' the canonical foliations of each decomposition and Wi : M ^ Fi, 
Gi : M Si will be the canonical projections. 

Observe that given a point p £ M, the leaf of J^i through p is Fi{p) = {'Ki{p)} x 
... x Fi X . . . {7rfe(p)}. We will denote by 11^ the projection 11^ : M — > Fi{p) given 
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by nf (a;) = (7ri(p), . . . , 7ri(a;), . . . , iTkip))- Analogously, Sf : M ^ Si{p) is given by 
^ti^) = (o-ib)) ■ • -iM^), ■ ■ • ,crfe'(p))- 

Theorem 6.4. Let M — FiX . . .x Fk be a complete semi-Riemannian direct product 
with indecomposable factors. If M = Si x . . . x Sk' is another decomposition into 
indecomposable factors such that Ti (p) H Sj (p) is zero or a nondegenerate space 
for some p ^ M and all i,j, then k = k' and, after rearranging, Fi = Si for all 
^ G {l,...,fc}. 

Proof. Fix X £ M and suppose that Si{x) ^ J-i{x) for all « G {1, . . . , k}. Using the 
above lemma we have that Si{x) D J-i{x) ^ for some i £ {1, . . . , k}. Moreover, 
since Si{x) ^ Ti{x) it holds Si{x) fl J-i{x) ^ Si{x) or Si{x) D J-i{x) ^ Ti{x). We 
suppose the first one (the second case is similar). 

Proposition IG . 1 1 ensures that 7i = J-iC\Si is a regular foliation and, since Si{x) is 
a geodesic submanifold, 7i and T2 — n Si are two geodesic and nondegenerate 
foliations in 5*1(2;). We can choose p £ Si{x) such that the leaf T2{p) of T2 has not 
holonomy. We want to show that Ti{p) f^T2{p) = {p} and apply Corollarv l3.8l For 
this, fix an orthonormal basis in TpM and take a definite positive metric such that 
this basis is orthonormal too. Call | • | its associated norm. Given 7 G VL^ [ti, . . . , tm) 
with = [vq, ...,«„) we cah I7I = Y.%q \vj\. 

Suppose there is q G Ti(p) n T2{p) with p ^ q. Then it exists a curve in 
Qj^'^^^\ti, . . . ,t„i) joining p and q for certain < ti < . . . < t„i < 1 and so we 
can define 

r = inf{|7| :7G^!J^(P)(^l,•■•,^n^) and 7(1) = q}. 

We have that 

• r > 0. In fact, if r = then it exists 7 G np^^'^\ti, . . . ,tm) with 7(1) — q 
which lays in a neighborhood of p adapted to both foliations 7i and T2 and 
regular for 7i. But since Ti{p) = Ti{q) and 7 is a curve is 72 (p), the only 
possibility is p — q, which is a contradiction. 

• r is a minimum. Take a sequence 7„ G flp^^'''\ti, . . . ,tm) with v-y^ = 
(vq , . . . , vj^), 7n(l) = q and |7„| —>■ r. Then we can extract a convergent 
subsequence of {v^, . . . , v^^) to, say, (vq, . . . , Vm). Take 70 G flp^''^^ (^i, • ■ • , tm) 
with v-yg = (vqi . . . , Vm)- Using the differentiable dependence of the solu- 
tion respect to the initial conditions and the parameters of an ordinary 
differential equation [14, Appendix I], it is easy to show that 70(1) — 

(1) = q. Since I70I = r, the infimum is reached. 
Now, take the map rj — Yi\oIi^ : M ^ Si{p), which holds 

• r]{T2{p)) C T2{p), since rj takes geodesies into geodesies and r]^p{T2{p)) — 
T2{P). 

• vip) = P and ri(q) = q. 

• |?7*p(z;)| < l?^! and the equality holds if and only if u G Ti{p). 

Consider the broken geodesic a — fj o G fjj^'^'' (ti, . . . , t„i). Then, using 
that rj commutes with the parallel translation along any curve, we have Va{t) — 
V*p{v-fo{t)) = i'>l*pi'"o),---,'n*pivm)), and so \a\ < |7o|. Since a(l) = q we get a 
contradiction. 

Therefore Ti (p) n T2 {p) = {p} and {p) can be decomposed as Ti {p) x T2 {p) , 
which is a contradiction because 5*1 is indecomposable. The contradiction comes 
from supposing that iSi(x) ^ J-i{x) for all i G {1, . . . , fc}, thus it has to hold that 
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Si{x) = J-'i{x) for example. But this means Si — Fi. Applying repeatedly the 
above reasoning we obtain the theorem. □ 

Observe that the nondegeneracy hypothesis is redundant in the Riemannian 
case. On the contrary, in the semi-Riemannian case it is necessary as the following 
example shows. 

Example 6.5. Take L a complete and simply connected Lorentzian manifold with 
a parallel lightlike vector field J7, but such that L can not be decomposed as a 
direct product, (for example a plane fi'onted wave, [4|). Take M = L x M with the 
product metric and X = U + dt- Then X is a spacelike and parallel vector field 
and since M is complete and simply connected, M splits as a direct product with 
the integral curves of X as a factor. Thus M admits two different decomposition 
as direct product, although L is indecomposable. 
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